/"UH'I"QIIIb 1 gq'/‘@_g

W /th oﬂly Single-gubit gales, we codld never
produce e/rra/@md statas ke l§>:v-‘:q(loo> +I~>)

S/
nee (Ve ) 1wele) =V @Vie

M(l” l"q,UbI"" \95‘,05 ore h?fd(d Yo jl”le’/a'fp
Pn*ia/_g/pmm-l- anel accoss 1he full power of C

Reca Il :
A etete of n bHs /5 e vector in € 2"

An h'@Uéﬁ/‘ 30"1‘( IS thus o Uﬂl'-la,y U:(Q"___? (u"

EX- Impp/’ran-r multi-gudrt vnaries include

- _[teoon |
CNOT - $ - C;l g o Trtuitive View
o o |
00 | © (xy,2 €1F,)
c> - I =[oeg] | CVTromEbowep
oo 0
LA CZ 1x2155 = (D 1%5 1>
Swap = oC = |85 5] | ZWAreonrElyrbe
(o130 vrithon ’I‘ ) gég‘\, TOPF/XN)OI;)
T - k X212 1 Z2OXY>
1282232¢"
To-Ffoli = f = gg‘gonogg
I
o e
‘_383803?6




Controlled o ates

CNOT., (Z, Tof€ol, are examples of contrlled
9a-fp.3, Controlled 94'/(5 OPPIV d (/m:‘fdry U on the

target(s) it aad only if the computationd|
basis Siate of the contrel is 10

E x.
Given agn n-gubit yntary U, the contwlled - U
gete is an n+l -gqubit gate that sends
(0> 14> =2 [0 (W)

114y = 1 (D1v?)
(105 + BIX) 1YY 2 031> + BI(U 1)

The controlled-U gate is written
& ~Contro|

T

'“gfu ;

The CNot gate is @ Controlled— X gate
C2 9a+f ’'s @ Controlled-2 gate

_E/x* The CNoOT gate /s Pﬂ"l’qrg/,’nﬁ
Let 19>z (+710y = & (1ooy #1i0))

Then CNoT iw> = \,é ((’l\/ortow + CNOT 110))
z '\;‘.‘:‘ (100> + lu;)

= (87



/"Q‘fh')( o‘f o ('an'frollfdﬁa"’é

6iwn -] unif’a/y U) the cortrolled- qu-f'p
Can be written as

clU = odel®@T + |12¢ue

X, //(on
CX= |0)Co(®TLT +112<1B X

“looloT *+[50]o X

10] + |© @ = |02
o O O X P

(Vegative Controls)

We Sometimes waht o ape'y o gate ifand aly if

the control IS 1n +the © stote, wecqgll 1his

@ negative control and denote i+ by
('\PhH'P dot

o
Ex.

Neo o*l'ihg +he control nn a c Vot {/;Ps +he
terget bit if and only i€ the control ;s O

()

a — 0
b bo(t®a)

Fact
—o— ——-—1—‘ x}—
v = 9,




Auldiply- cont rolled ¢ ates

O bserve that the Tot€oli 9@"?

is @ cControllod—CNOT 307‘?1

E€oli: 1071y712> F—>1o>1Y2 (2
Tot* li71y> 12> Wll?ly? I20y>'-'-'lf>((lV0le7lz>)

Controlled - conimllod gates (rke the Toféol,

gete are called multi-controlled gates, ve drar/
CaCh (‘onf'ro' wi‘“] q dot:

G o]

-
o

| o U
LU {S’afp""’d iFgnd only i pach cortrol is I
(Mutiply -controlled To Fél/s)

An 3"‘P0’f""’* m.l/fifly%‘on-lmll-ed ga-ho ‘s the
mul4iply -controlled X gate:

X, X,

X — ¥, N“'P;Z ;();l {"f/o//&ﬂl
y Sy y@y' .. .Xlr !/ o ‘

ond computes the product of /s k cantro|S

p7od vt

—"\
2 X2 17 XY OF, X))
concatengtion &_ I+°s con ’(MS'"\Sq

T Know



Construction of contre lled o4qtes

The conStruction of (mulv‘/-)r‘onffa/lod gates is
another fundamental probley, | n Q uantum Compilation.

Borenco et. al
E/Pm 0177"0/1/ .9‘77‘@.5 "Faf‘ 9(/047‘044 (,a’"ﬂ‘f 7(07(_/.0’7

la/.S the ‘Fa‘ml\dﬂ'h‘ah Lor +hiS {prp/alem

Qur f""g""90¢‘ is 1o show that muHi-(‘anfro/Ipdg ol as
mery be implemert &l using only CNoT 9/ﬂ’lf*q/ub/+5¢*fos

CBUS'[.( CO" 5’7‘/’(1 (“h.o" OF (0/"//0,,?0‘ 9@7"@5)
Observe that /€ U= Viwv , thes

& -5
—Y— JvHw vt

Ln particular, +he rhs Sends

10y (4Y —=> (0> Lv+V 1¥2) = [o7 (W7
1 (W) 210> (viwv I = 1> (V1Y)

.
Recall that X = HZH We Can construrt
Fhe controlled - X (CNOT) gate as

4 = wlte-




()m’ vprsql |- Control 9 a ‘f( ConSirurtion

Brep

For any [- g vért unrtery U’ CU can b conslracted
€ rom Sirglp-tuS:f and CNOT gates, f;opn'-ﬁ'(a/ly’
/R - —Jc 6 18 A

For Some o(.,A,,B,,(’ satisfyino ABC=T ond U:thXBXC

Pt

—

Obgervt that 4he above Cir curt Sends
07147 —> (R, () 102)@ (ABC 1) = &' Io14)

1> 1% = (Ry(@)1))D (AXBXC(4?) :@‘%[P(UIW)
pq/unl up te QQIoqu phesSe ol f;%

Now let U= o™ Ry (MR (IR, (D, Then
AZRLIOR, (1), BR,(IR(LEL) | C=R(5F)
Satistios the abore consiraints

Ex FT
Note tha+ S :[c') f’]:p’ "[2 P%":’

Y R0 Ry@> R, (z)

=€
Setting A=Rz(@F, (@) | phase 0%
B= Ry (0> Ry (-m4) T P
C =Rz (V4) V4 CO”’qf'w"/P"“"

2 (/) |—
Ve get — _ Pﬁ: T
"155 Ry -7 [0 Rz (™ T4eT




(O" Sffllf‘/ion of -?’Cmfrolggfp.;
Pfae. over SR8 CNOT
For any [-gubr unitary V, CCVU can & (onStrucied as

ﬁv“lﬁiﬁu v

P{ x4 3,3 31“{
. q 5 oo .
we have Y (oses: o | -
S o -=-la =3
o o —1dul w4
@ (1 -lva './'J—:(N')q’(/

Ex.
/Il +hat +he To‘ﬂfblifa‘/f iS an Xﬁ@‘/‘e wHh

RecCa
+ w0 controls. Tn ClasSiral (bm'ou‘/'l'/p, the Totloli gate
can not be ConStructed (rever3idly) by e circut of < 3 bit goles,

GUan‘l'u,a,’y., b\/ the qbove

+ HEe

o o
Note also that V< =Sand Vs=T, SO

- _ T—
THHSH — '—?@LE;EI—@—

T/\Q. For ‘“‘t’. Tof-(’o./i 9@27
o 5 + wo-gwbrt gates is minimal
« 7 T-ga‘/P.S iS mihimagl over {(NDT., H, TS




CO" Struction o€ multi-contrelled oates

Multiply~contrllod gates are used in most +op-down
universal consirurdions (end ofden 1n algeritihms), we now
looh at _9pnpra/“fP(‘/-niqif3 for CCopp0Shg inlo fewes conlels,

CDPCDII/OOSI-HD" with | ancrlla)

109

e H —co11relled V .
|Vo-fe +hat C" | “-fi"(S“ if @ 0hly i€ all H-contseols 0/9{,

= -1 N -- A - i -

(Dp(‘omposih'on with | ancille inan urkrowhs stafe)

L£ V=T, thena

_‘:}":E T ;
W +—0— W

) ") M

The ancilla here is Called |-ty gnd con intact
bea 9«6.-& used elsowhere in the circuit!

Eo T } :;—_* W'

- v W

T




/"U,-l'i"(‘on‘froufc' TD 'P-P,I,' 3«#5

The pr(vious conS+ructions ida™+ reduce +he
namber of controls, YusS+ shif4ed +hem to
multi-Condrolled To ffpli (MCT) gates. To geot
thing s down 1o single -gubrl and CMOT™ we need @
Congtruction whiCh reduces control$

(M(T with |inear clean ancillas)

=—— _one fewer contm|

10)

Prop.

A K - Control o€t can be /mPIPmm-l'-eJ wiF A
e k- Clean gancilla s
e (k-a) +l Tof€ol: 901?5'

(M(T b\,i‘H\ linear t\"n/'l'(/ an['“/as)
A Similar resalt holds for dirdy ancilles, but its
('o'!Sfru("I‘,'oh 'S S,::gh'Hy +richier, E/rs+ observe:

X, .
: d,‘r-fy a ACI lla not
- returned 1o its
\ &R State
dJirty analla = a o Xyl
y y@ y' .”'xk

This i8S becallse at (D ve haque y@ax“ So a-} @
}’ ®axX, ®@(abx - )(M)xh z y@x' X
We Can recurSively a Ply this con Struc+ion, gving

k-2 dirty ancillas aad 2k-3) 11 Tofeol; gat
put this will leave the (-2 dirty orcila? 71\0511

unclean Stale



To retuwrn the ancillas o their inidial staqte,
we need +to clean +thén .by fPV(I’SjA9 the
intermediate k-1 conirol Toffoli computation. The
circuit for 5 conrols 1S

y N e Vv
Compuke procuct Uncompute charges o anciles

Prop
A K -control AMCT garfe con be "’"P{ol’é’/l'f’(-u with

° {(—Q c”!“,'y ah(’i"qs
o2 (k)] + (k-1 To¥ol: gates

(/”(T 9¢"f€ with a -5‘/'115[? Dlll(‘/'”a)

Finally we Shew that an M CT oatle mal/ be
implem-(n‘f{d with )u4sSt | anciliq (dirty o7 Clean)

= 3=

B - .

: : :
>

10 10y @>

AU

This de compoSes a k -Control MCT iato
ko and k/p tl control MCT gates, We can
then use The other k/2-1 bids as Jirty
ancillas to qpply 1he previous lineas Simulation'

Prop. A k-con +rol MCT gate can be implementod wit
° ' 0"'('0"’“ (d,"/.’-ygo/ (‘I“’l) P W) /\

«O(n) Toffoli g9afes



A note about effirianty

Thr q,uam‘lm Compiding, the constants matter, leysir‘q//y
reqlizablf cirCart deplhs dewb/e in years, @nd error -resistante
means Saying “a o1 cireut depth ‘can redwre time and space
resovrces by ordorS of Meagn i'fudf,

The Barenco ¢1. ol 9:'2?/?'th/'“¢ constryt4jon was
(Hr

jus+ /@(’Pnﬂy b(m‘Pn* by A,.,‘/ L Ross O
wiha 5,-"9[( a,n(-,'llq1 the numder of To€€dl :'jd'/?)‘ 4o
"V.P".mpn"’ en /an 90"1’ - with 1he Barence «164hod sy les

youghly @S
. Y(Yhe) = 8k (dirty)
. 3(4Ma) <6k (Clran)

Prep.

1€ X,z basS changes (conjvgaiion By Hacaman g qtes)
ore allowed, an MCT gate can be implemeniod wilh

| ancilla and ~ Yk CCX getes
@ A




